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Abstract- -Symmetr ic  composition methods are applied to dynamical systems in bi-Hamiltonian 
form; to Lotka-Volterra equations, to the completely integrable Lorenz equation and to the periodic 
Toda lattice. The numerical results obtained show that the Hamiltonians are preserved with high 
accuracy and the periodicity of the solutions are retained. 
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1. INTRODUCTION 
In recent years, there has been great interest in constructing numerical algorithms for dynamical 
systems, which preserve the underlying geometric structure; the research has focused on the 
development of time-stepping schemes for Hamiltonian, time-reversible, Lie-Poisson and source- 
free systems. 
We will apply here, symmetric explicit composite integrators of different order to some three- 
dimensional bi-Hamiltonian systems, which are time-reversible, source-free, and have periodic 
solutions. They are Lotka-Volterra equations, the conservative Lorenz system, and the periodic 
Toda lattice. Composition methods are used recently often for the integration of Hamittonian 
systems (see, for example, [1-3]). They use the special structure of the underlying system; i.e., if 
the vector field or the Hamiltonian separable, explicit composition methods can be successfully 
applied. Because they don't require solution of nonlinear equations, they are very efficient. The 
main idea behind these methods is, if the vector field X(x)  of the differential equation ~ = X(x)  
possesses plittings of the form X(x)  q = ~i=1 X i  for noncommutable operators Xi ,  in such a 
way that exp( tX i ) ,  i = 1 , . . . ,q  and can be integrated explicitly. The second order symmetric 
decomposition S2(t) is given in [4] by 
S2(t) : e(t/2)xl .. . e(t/2)Xq-letXqe(t/2)xq-~ . . .  e (t/2)X1 : e t(x~+X2+'''+Xq) -{-0 (t3), (1) 
which satisfy the reversibility relation S2(- t )  = S21(t). For q = 2, it is known as leapfrog/Verlet 
scheme. By composition of S2(t), structure-preserving methods of arbitrary order can be con- 
structed recursively (see [3,4]). The mth order symmetric omposition method is obtained as a 
product of the second order integrators in (1): 
~2m(t) : $2m--2 (pro,it) $2m--2 (Pm,2t).-- $2m-2 (Pm,rt). (2) 
*The author thanks P. Rentrop for his very warm hospitality at the Department of Mathematics, Technische 
Hochschule Darmstadt. 
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The coefficients Pm,i are determined by order conditions and given in [2] up to tenth order. 
Also, Yoshida [3] and McLachlan [1] consider these methods for q = 2 and they call them as 
symmetrized composition methods of symmetric steps. 
Composition methods preserve numerically the underlying eometric structure of the system 
with high accuracy, i.e., if X and X~ are Hamiltonian vector fields, then the decompositions S2(t) 
are symplectic, if a vector field X can be split as X = )-~i J (x )VHi ,  then the decompositions 
above preserve the Poisson structure. 
In the following sections, we will apply the symmetric decompositions S2m(t) to three different 
dynamical systems in bi-Hamiltonian form. The bi-Hamiltonian structure of the Lotka-Volterra 
equations, conservative Lorenz model and of the periodic Toda lattice are very similar, because 
they have degenerate bi-Hamiltonian structure and their Hamiltonians are separable in the de- 
pendent variables. The last property make it possible to apply an explicit composition method, 
which preserves the underlying eometric structure. The corresponding Hamiltonians are pre- 
served, the periodicity of the solutions are also retained. 
2.  THREE SPECIES  LOTKA-VOLTERRA EQUATIONS 
Special classes of Lotka-Volterra equations in three dimensions admit bi-Hamiltonian structure. 
One of them is given by (see [5]): 
:6 = x l  (x3 - x2) ,  i2  = z2 (zx - x3) ,  ~3 = x3 (z2 - zx ) .  (3) 
It can be written as bi-Hamiltonian system, i.e., it can be written in Hamiltonian form in two 
distinct ways: 
J: = JI(Z)VH1, ~ = J2(x)VH2, 
or in the Poisson bracket form, 
= {x, H1}l,  ~ = {x, H2}2 
for some functions Hi(x),  H2(x) E C ~ with the assumption that the brackets {-, "}1 and {-, "}2 
are compatible, i.e., their sum is again a Poisson bracket. The Poisson brackets are given by 
{F, G}~ = VFT J~(x)VG,  v = 1, 2 with the skew-symmetric structure matrices (0 xix x3xix2x3)(0 xlXXlX3) 
J l (X )  = -X lX2X3 0 XlX2X3 , J2 (x )  = XlX2 0 -x2x3  • 
X lX2X 3 - -X lX2X 3 0 - -X lX3 X2X 3 0 
The Hamiltonians are 
//2 = ln(xl)  + in (x2) + In (x3) and H1 = Xl + x2 + x3. (4) 
The bi-Hamiltonian structure is called degenerate, if J1 (x) is singular; therefore there exists no 
recursion operator R(x) = J1 (x)-1J2 (x) which relates the two Hamiltonians by VHI  = R(x)VH2 
(see [6]). No new conserved quantities can be generated because J I (x)VH2 = J2 (x )Vg l  = O, 
that is, H2 and H1 are Casimirs of Jl(X) and J2(x), respectively. The structure matrices J l (x) 
and J l (x)  are singular, therefore (3) has a degenerate bi-Hamiltonian structure. The system 
in (3) is source free, i.e., for the differential equation system ~ = X(x) ,  divX(x) = 0. It is also 
p-reversible or time reversible; i.e., there exist an involution p (p2 __ I )  in the phase space, such 
that pf(x)  = - f (px)  of the differential equation ~ = f(x).  The system (3) is reversible with 
p = diag(-1, -1 ,  -1)  which corresponds to changing the signs of Xl, x2, x3. 
The Lotka-Volterra equations written in the form 
(lnXl)' = x3 - x2, (lnx2) I = xl -- x3, (ln x3)' = x2 - Xl, 
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allow us to construct he following symmetric explicit composite scheme S2(t) in (1) with q -= 3: 
S2( i t ) - -N1  ( l i t )N  2 (2At )N3(At )N  2 (~ i t ) i  I (~-i~:)-{-O (At3). 
This was the first symmetric omposition method for three-dimensional systems considered in [7] 
N1 : lnXl,n+l/2 = lnx l ,n  + -~- (x3,n - x2,n), 
N2 : lnx2,nT l /2  = lnx2,n + -~- (xl,n+W2 - x3,n) , 
N3(At) : lnx3,n+l ~-- lnx3,n -4- At (X2,nT1/2 - Xl,n4_l/2) , (5) 
N2 : lnx2,n+l = lnx2,~+1/2 + -~- (x1,~+1 - xa,n+l), 
N1 : lnXl,~+l = lnxl,n+l/2 + =~- (x3,~+1 - x2,~+1). 
The system (3) can be written also as the algebraic one ~ = (X  + Y + Z)x  with (i (000) (0 ° 0i) 
X -~- 0 , Y -- x 1 0 -x  3 , Z -- 0 , 
0 0 0 0 -x l  x2 
where x = (xl ,x2,x3) T and its solution is formally given by x( t )et (X+Y+Z)x(O) .  Because of 
X 2 _ y2 _ Z 2 = 0, the flows are linear, i.e., e tX = I + tX ,  e tY = I + tY ,  e t z  = I + tZ .  This 
property allows to apply explicit composition methods (see [8]). 
The error of the Hamiltonians are analyzed using the Baker-Campbell-Haussdorff (BCH) for- 
mula (see, for example, [3]). Applying this to the second order symmetric omposition method 
in (1), we obtain 
X Y Y X 
exp ~- exp ~- exp Z exp ~- exp -~- 
=exp X + Y + Z - [X, X ,  Y] + ~-~ 
I [Z ,Z ,X] -  I [y ,y ,z ]+ I [z , z ,y ]_5[Z ,X ,y ]_5[y ,x ,z ]+. . . ) ,  
where [.,-] is the commutator bracket of the vector fields. The Hamiltonian errors can be then 
given by 
Herr,1 = At 2 ( ' " )  + At 4 ( ' " )  +""  , for i -- 1,2, 
where the terms in the parenthesis contain the pieces of the Hamiltonians in (4), computed accord- 
ing the formula above with the corresponding Poisson brackets. The Lotka-Volterra system has 
periodic solutions. The results of the numerical integration of this system are given in Table 1 and 
in Figure 1. The second order method S2(At) is the Lie-Trotter formula given in (5). The fourth 
order method is composed of the second order ones is given with S2(P4,1At)S2(P4,3At)S~(P4,1At) ,  
where the coefficients are given in [2]. The coefficients of the sixth order symmetric omposi- 
tion method of Yoshida axe given in [3]. It can be seen from Table 1 that the Hamiltonians are 
preserved more accurately by increasing the order of the composition method. 
Table 1. 
Error in H1 Error in//2 
Second order method .802 E-3 .499 E-4 
Fourth order method .135 E-9 .682 E-11 
Sixth order method .250 E-13 .862 E-15 
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Figure 1. Lotka-Volterra equation solved by second order symmetr ic  omposit ion 
method with constant  step size. At  = 0.1 over the interval T ---- 1000. 
3. CONSERVATIVE LORENZ MODEL 
The Lorenz model 
Xl = (7 (X 2 -- X l )  , X2 ----- pXl  - -  X lX3  -- X2, X3 --  -- f iX3 + XlX2, 
which is known for its chaotic behavior, exhibits bi -Hamiltonian structure for two extreme cases 
of the Rayleigh numbers p, namely for p = 0 and for p --~ oo. We consider here the so-called 
conservative l imit p --* oo, for which the Lorenz model becomes after scaling with t --~ ~t, 
= (ap) -1/2 for e ~ 0 
1 1 1 
x --* --x, y --* ~e2y, z ~ - -  E 0.~2 Z, 
in the new dependent variables (see [5]): 
Xl = X2, X2 = - -X lX3 + Xl ,  X3 = XlX2- (6) 
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Table 2. 
Error in Hi 
Second order method .180 E -1  
Fourth order method .256 E -6  
Sixth order method .373 E -8  
Error in //2 
.141 E -1  
.182 E -5  
.666 E -8  
83 
x 10 "s 
-5'- 
0 
2.5. 
2-  
1.5- 
0.5. 
0-  
-0.5 
2 
100 200 300 400 500 600 700 800 900 1000 Time 
1 .~'~'1.51 ~~2.5  2 
x2 -2 0.5 
xl 
Figure 2. Lorenz model solved by fourth order symmetric omposition method with 
At ---- 0.1 over the interval T = 1000. 
The vector fields are separable and their flows are also linear as in case of the Lotka-Volterra 
equations. The solutions of (6) are periodic and it has two independent Hamiltonians 
Hi=2(x3-1)-x~, H2=4(x2+(x3-1)2). 
It has also degenerate bi-Hamiltonian structure, it is source-free and reversible with p -- diag 
(1, -1 ,  1). The numerical results given in Table 2 and in Figure 2 indicate that the error in the 
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Hamiltionian for the second order method is by far higher than for the Lotka-Volterra equations; 
the periodicity of the solutions are also preserved again. 
4. TODA LATT ICE  
The Toda lattice given by the equations 
qi = P i ,  p i  = exp (q i+ l  - q i )  - exp (qi  - q i -1 ) ,  1 < i < n ,  (7) 
after Flaschka's transformation with ~i = Pi and ai  = exp(qi+l - qi) the system in (7) becomes 
~i ---- ai (~-1-1 -- ~i),  ~i ---- a ,  -- ai--1 , 1 < i < n, (8) 
and it possesses bi-Hamiltonian structure (see [9]) with 
i----1 
H2 = ~-~ ~.  
i=1 
The first integral represents the energy and the second momentum. We consider here periodic 
Toda lattice, i.e., q0 = qn, qn+l = ql in (7) or f~l = f~n+l, a0 = an in (8). The periodic Toda 
lattice is reversible with p = diag(1, 1, 1 , -1 , -1 , -1 )  and source-free. In Table 3, the results of 
the numerical integration of three particle periodic Toda lattice by the second order composite 
method are given. In Figure 3, the time evolution of the Hamiltonian error for H1 and the periodic 
behavior of the difference of the position coordinates ql - q2 are given. Similar results were also 
obtained for the difference of other position coordinates and for the momentum integral/-/2. The 
high accuracy of the momentum preservation /-/2 is remarkable as indicated in [10], that the 
momentum type integrals are exactly preserved by symplectic integrators. A similar result can 
be obtained for the Poisson structures if/-/2 is an integral of the system (8) with the property 
{H2, T(a)} 1 = {H2, V(~)} 1 --~0, 
where H1 = T(a )+V(~) ,  then this class of integrals are solved exactly by the explicit composition 
methods. One can show that the momentum integral/-/2 vanishes exactly for the Poisson brackets 
above with the singular structure matrix 
J l (X ) :  
0 0 0 -a l  ay 0 \ 
] 0 0 0 0 --a2 a2 0 0 0 a 3 0 -a  3 
o al 0 --a3 0 0 
- -a la2  0 0 0 00)  
0 --a2 a3 0 0 
with x = (al, a2, a3, bl, b2, b3) T 
We could not obtain more accurate preservation of the energy H1 by increasing the order of the 
method in contrast o Lotka-Volterra nd conservative Lorenz equations. 
Table 3. 
Error in H1 Error in/-I2 
Second order method .191 E-1 .372 E-23 
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Figure 3. Periodic Toda lattice solved by second order symmetric composition 
method, At ---- 0.1 in the time interval T = 1000. 
5. CONCLUSION 
In [11], it. was shown that explicit composite integrators for separable Hamiltonians at the 
period point of the solution of equations compute the Hamiltonian to a higher order of accuracy 
and the Hamiltonian errors are periodic. The numerical results in Figures 1-3 reveals a similar 
behavior of Hamiltonian errors for the systems investigated here~ We have to mention that 
Lotka-Volterra equations in (3) can be transformed by reversing the sign of xi's to the so-called 
Fadeev-Takhtajan system (see [5]) 
J:i=xi(xi+l-X~_l), i = 1 , . . . ,3 ,  withx~+3=xi. 
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By el iminat ing x3 from H = Xl + x2 + x3, it was numerical ly integrated as a two-dimensional  
Hami l ton ian system in [12] by two different integrators,  one of them preserves the Hami l ton ian 
and other one is symplect ic,  but  both of them is implicit.  There exist volume-preserving meth- 
ods for these systems (see [13,14]). The method in [13] is based on the decomposit ion of the 
source-free vector field as a sum of two-dimensional Hami l tonian fields and integrat ing them by 
symplect ic  methods.  Both methods are implicit.  Only in case of separable source free systems, 
i.e., for x i  = f i (x ) ,  i = 1 , . . .  ,n  with ~ = 0, i = 1 , . . .  ,n  expl icit  composit ion arb i t rary  order 
can be constructed (see [13]). This corresponds only to the conservative Lorenz equat ion (6). 
The composit ion method in (5) constructed for three-dimensional  Lotka-Volterra equations, 
can also be used to integrate the Kermack-McKendr ick  epidemic model  
Xl = -TX lX2 ,  x2 : rx lx2  - ax2,  x3 = ax l  
and for the two-dimensional  Lotka-Volterra equations 
Xl : Xl  (a - bx2) , x2 = x2 (CXl - d) . 
Both systems possess Poisson structure and the Kermack-McKendr ick model  is also bi-Hamil-  
tonian (see [5]). 
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